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Real topological phases stemmed from spacetime-inversion (PT ) symmetry have caught consid-
erable interest recently, because of their extraordinary properties, such as real Dirac semimetals,
nontrivial nodal-line linking structures, non-Abelian topological charges, higher-order topological
phases, and boundary topological phase transitions with unchanged bulk topological invariants.
Such phases rely on the algebraic identity (PT )2 = 1. Since the identity holds only for spinless
fermions, it is a common wisdom that these phases will be destroyed by spin-orbital coupling or
magnetic orders. Here, we show that in the presence of Z2 gauge fields, the real and symplectic
symmetry classes with (PT )2 = ±1, respectively, can be exchanged due to the projective repre-
sentation of the symmetry algebra. In other words, we can effectively turn spinful fermions into
spinless ones, and hence achieve real topological phases also in spin-orbit coupled systems. This is
explicitly demonstrated by a 3D generalized Kane-Mele model, with the gauge flux configuration
that minimizes the ground-state energy due to the Lieb theorem. In the presence of spin-orbital
coupling and magnetic ordering, the model realizes novel real topological semimetal phases char-
acterized by the Stiefel-Whitney classes with the aforementioned boundary phase transition. Our
work broadens the scope of real topological phases, and more importantly, it reveals a new avenue,
namely the projective representation of symmetries, to switch the fundamental categories of system
topologies.
Introduction. Symmetry protected topological phases
have constituted one of the most active fields in physics
over the last decade and a half [1–6]. Based on math-
ematical tools such as the K and KO theories [7, 8],
rich topological phases have been proposed and classified
by considering various internal and space group symme-
tries [9–16].
In this endeavor, an important dichotomy is to dis-
tinguish systems based on whether they have spin-orbit
coupling (SOC) or not [17], because the two categories
generally exhibit distinct topological classifications. The
reason is that for spin-orbit-coupled systems, symmetry
transformations must simultaneously act on both the or-
bital and the spin degrees of freedom, leading to alge-
braic relations distinct from systems without SOC. A
prominent example is the spacetime inversion symme-
try PT [15]. For systems with SOC, (PT )2 = −1,
which dictates a Kramers double degeneracy at every
k-point. In contrast, for systems without SOC (or
equivalently, spinless systems), (PT )2 = 1, so it does
not protect a degeneracy, instead, it guarantees a real
band structure because one can always choose a repre-
sentation with Pˆ Tˆ = Kˆ, with Kˆ the complex conjuga-
tion. This reality condition has profound consequences
on topology: the classification is now for the real Berry
bundles over the Brillouin zone (BZ) [15, 18]. Vari-
ous real topological phases have been discovered, includ-
ing real Dirac semimetals [18], nodal surfaces [19], non-
trivial nodal-line linking structures [20–22], non-Abelian
topological charges [23], higher-order topological insu-
lators [24, 25], and boundary topological phase transi-
tions with unchanged bulk topological invariants [26].
They have been predicted and demonstrated in a vari-
ety of spinless systems, ranging from quantum materials
of light elements [25], to artificial periodic systems such
as cold-atom systems [27–32], photonic/phononic crys-
tals [33, 34], and even classical systems like circuit ar-
rays [35, 36] and mechanical networks [37].
Is it possible to realize these real topological phases
also in spin-orbit-coupled systems? At first glance, this
appears impossible, because according to the discussion
above, the fundamental condition (PT )2 = 1 is not ful-
filled for systems with SOC.
In this Letter, we discover an approach to achieve this
possibility. The essence of our proposal is that in the
presence of gauge degrees of freedom, symmetries of a
system will be projectively represented, which may com-
pletely change the fundamental algebraic structure of the
symmetry group [38]. Particularly, we show that for sys-
tems with SOC, the spacetime inversion symmetry can be
Z2 projectively represented, when the electrons are cou-
pled to a Z2 gauge field. Here, Z2 = {±1} is the subgroup
of the electromagnetic gauge group U(1), and physically
just corresponds to switching the sign of certain hopping
amplitudes. The required Z2 gauge fields can be realized
in artificial systems [27–37], as remaining gauge fields of
Cooper pair condensation [39–41], or emerge in strongly
correlated systems like spin liquids [42–46]. Remarkably,
we find that the projectively represented symmetry PT
may satisfy (PT )2 = 1. In a sense, we effectively make a
spin-orbit-coupled system behave like a spinless system.
Thus, all sorts of real topological phases can be realized
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2in the presence of SOC, protected by the PT symme-
try. We explicitly demonstrate the idea using a concrete
model based on a 3D generalization of the Kane-Mele
model [47, 48]. We show that the spin-orbit coupled
model realizes a real topological semimetal phase with
four nodal loops. The bulk topology is characterized
by 1D and 2D Stiefel-Whitney numbers, ν1D and ν2D.
These topological numbers protect interesting topologi-
cal boundary states. Particularly, as a hallmark of real
topological phases, ν2D dictates a boundary criticality,
namely, two second-order nodal-line semimetal phases
with hinges Fermi arcs are separated by a critical Dirac
semimetal state with surface helical Fermi arcs.
Our finding opens up an unprecedented possibility to
switch the fundamental category of topological systems,
and also greatly broadens the scope of real topological
phases (from spinless to spinful systems), whose interplay
with spin may generate intriguing effects and promising
applications.
Projective PT symmetry. Let’s start with a general
discussion of the spacetime inversion symmetry. Ordi-
narily, for a system consisting of particles with spin-s,
the time-reversal symmetry T satisfies T 2 = (−1)2s, and
the space inversion symmetry P satisfies P 2 = 1. They
commute with each other, [P, T ] = 0, and therefore
(PT )2 = (−1)2s. (1)
For instance, in the internal space of an electron, we have
(PT )2 = −1. The common textbook explanation is that
T is represented by Tˆ = −iσ2Kˆ with (T )2 = −1, while
P is represented by Pˆ = σ0 which preserves the spin
orientation. Here, σ’s are the Pauli matrices for spin and
Kˆ is complex conjugation. On the other hand, for spinless
particles, Tˆ = Kˆ and Pˆ = 1, and therefore (PT )2 = 1.
However, in the presence of certain gauge degree of
freedom, the relation (PT )2 = (−1)2s will be projectively
represented, because the inversion is a spatial symmetry
and may involve additional gauge transformations. Here,
we request that the gauge flux configuration is invariant
under P , i.e., P is still a symmetry of the system. Nev-
ertheless, the chosen gauge connections in general do not
preserve P . Then, to recover the gauge configuration, a
gauge transformation G must be incorporated into the
inversion. Thus, the proper inversion actually becomes a
combined operation,
P = GP. (2)
Specifically, for a Z2 gauge theory, G preserves T and
G2 = 1. In addition, if P reverses the gauge transfor-
mations, i.e., G anti-commutes with P , then we have the
following relations for G:
[G, T ] = 0, {G, P} = 0, G2 = 1. (3)
It follows that P2 = (GP )2 = −1. Thus, the proper
spacetime inversion symmetry PT will satisfy a distinct
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Figure 1: (a) The graphite lattice with Z2 gauge flux. Each
vertical rectangular plaquette has flux pi, and each horizon-
tal hexagonal plaquette has flux 0. The gauge is chosen as
that every alternative vertical (blue colored) hopping ampli-
tude has phase −1, and other hopping amplitudes have phase
zero. The ± signs indicate the gauge transformation G, which
multiplies −1 for sites in each alternative layer. (b) shows the
vertical rectangular plaquettes. The shaded region indicates
the unit cell.
algebraic relation:
(PT )2 = P2T 2 = (−1)2s+1. (4)
This is remarkable, because it shows that, with the help
of Z2 gauge fields, the fundamental algebras of the space-
time inversion symmetry can be exchanged for particles
with integer and half integer spins. Consequently, their
topological classifications are also exchanged. Particu-
larly, it indicates that the PT -protected real (Stiefel-
Whitney) topological phases, previously known to be
unique for spinless systems, can now be extended to spin-
orbit-coupled systems as well, a surprising finding which
we will explicitly demonstrate in the following.
Graphite lattice with Z2 gauge flux. For concrete-
ness, let’s consider a 3D graphite lattice. The discus-
sion can be readily extended to other types of lattices,
as all Bravais lattices can be endowed with the inver-
sion symmetry. As illustrated in Fig. 1, we consider the
following typical Z2 gauge flux configuration: pi-flux for
each rectangular plaquette, and 0-flux for each hexago-
nal plaquette. This configuration is not unusual, e.g., it
is favored by the ground state of an interacting many-
body system coupled with U(1) gauge fields according to
the Lieb theorem [49], if the particle-hole symmetry is
preserved. The gauge connections can be chosen as in
Fig. 1(a), where each alternative (blue) vertical hopping
takes phase −1 (i.e., with an opposite sign in the hop-
ping amplitude). Clearly, such gauge connections do not
preserve P , as P exchanges negative and positive verti-
cal hoppings. To recover the original gauge configura-
tion, the gauge transformation G as indicated in Fig 1(a)
should be performed. G multiplies basis in even layers
with a phase −1. Hence, G is odd under P , namely, they
3anti-commute, {G, P} = 0. The algebra exactly coin-
cides with that in Eq. (3). Thus, for models defined on
such a lattice, the spacetime inversion symmetry will be
projectively represented and satisfy Eq. (4).
We now spell out the symmetry operators for spinful
electrons (i.e., with SOC included) on this lattice. In
accord with the gauge configuration, the appropriate unit
cell should contain four sites as indicated in Fig. 1(b). Let
the Pauli matrices τ ’s and σ’s act on the row index and
the column index of the unit cell, respectively, and the
Pauli matrices s’s on the electron spin. In the momentum
space, we have the following representations
Tˆ = −iτ0 ⊗ σ0 ⊗ s2KˆIˆ , Pˆ = τ1 ⊗ σ1 ⊗ s0Iˆ , (5)
with Iˆ the inversion of momenta. The gauge transforma-
tion G is represented by
Gˆ = τ3 ⊗ τ0 ⊗ s0. (6)
Clearly, {Gˆ, Pˆ} = 0. The proper inversion operator P is
then
Pˆ = GˆPˆ = iτ2 ⊗ σ1 ⊗ s0Iˆ , (7)
and therefore the PT operator is given by
PˆTˆ = τ2 ⊗ σ1 ⊗ s2Kˆ. (8)
Thus, we confirm that with the Z2 projective representa-
tion, the algebra of PT for the spin-orbit-coupled system
is indeed changed to
(PˆTˆ )2 = 1, (9)
effectively resembling a spinless system.
PT invariant terms. Before constructing a specific
model on the lattice, it is helpful to first count all pos-
sible PT invariant terms. For the graphite lattice here,
each unit cell corresponds to an eight-dimensional Hilbert
space. Accordingly, we consider the 8× 8 Hermitian ma-
trices, which form a 64D real linear space. A basis can be
constructed from the tensor products of the three sets of
Pauli matrices, τµ, σµ and sµ, with µ = 0, 1, 2, 3. Hence,
there are exactly 64 different tensor products, which are
orthogonal under the trace inner product:
1
8
Tr(ΓµνλΓµ′ν′λ′) = δµµ′δνν′δλλ′ , (10)
with
Γµνλ = τµ ⊗ σν ⊗ sλ. (11)
Since PT symmetry acts pointwisely (locally) in momen-
tum space, we only need to examine which Γµνλ are in-
variant under PˆTˆ in Eq. (8). The parity of each Pauli
matrix under PT is shown in Table I. A PT -invariant
tensor product Γµνλ must be a combination that consists
even odd
τ τ0 τi
σ σ0,1,2 σ3
s s0 si
type (τσs) PT -invariant Γµνλ No.
eee (0,0,0), (0,1,0), (0,2,0) 3
eoo (0, 3, i) 3
oeo (i, 0, j), (i, 1, j), (i, 2, j) 27
ooe (i, 3, 0) 3
Table I: Left panel: Parity of the Pauli matrices under PT .
Right panel: List of all PT -invariant tensor products. In the
first column, “e” and “o” stand for the even and odd parity
of the constituent Pauli matrices. The indices i and j run
through 1 to 3.
of all even matrices, or one even plus two odd matrices.
All such possibilities are summarized in Table I, with to-
tally 36 PT -invariant terms. This table will be useful for
constructing the PT -symmetric models below.
PT -symmetric 3D generalized Kane-Mele model. Let’s
consider the following spinful model defined on the
graphite lattice,
H(k) =χ1(k)Γ010 + χ2(k)Γ020 + η(k)Γ033
+ λ1(kz)Γ130 + λ2(kz)Γ230,
(12)
where all terms preserve the PT symmetry according to
Table I. Here,
χ1 + iχ2 = t1
3∑
i=1
eik·ai , η = −t2
3∑
i=1
sink · bi, (13)
where ai’s are the three bond vectors for a honeycomb
layer, and ijkbk = ai − aj are the in-plane vectors be-
tween second neighbors, t1 and t2 are respectively the
in-plane first- and second-neighbor hopping amplitudes.
The first line in (12) consists of terms for each honey-
comb layer, and is nothing but the famous Kane-Mele
model describing a 2D quantum spin Hall system [47, 48].
Clearly, this is a spin-orbit-coupled model: the term
η(k)Γ033 is known as the intrinsic SOC of the Kane-Mele
model. The second line in (12) describes the vertical
hopping between the layers (see Fig.), with
λ1(kz) + iλ2(kz) = J1 + J2e
ikz . (14)
It can be easily checked that such hopping terms respect
the gauge flux configuration in Fig. 1, such that each
vertical rectangular plaquette has a pi-flux.
Let’s treat t2 and δJ = J2 − J1 as perturbations com-
pared to t1 and J = (J1+J2)/2. When t2 = δJ = 0, there
are two independent eightfold degenerate Fermi points at
the corners of the BZ. Turning on t2 and δJ , each Fermi
point will split into two fourfold degenerate Dirac points,
located on the edges of the BZ, symmetric with respect to
the kz = pi plane, as illustrated in Fig. 2(a). Figure 2(b)
shows the bulk band structure for this Dirac semimetal
state.
This Dirac semimetal actually represents a critical
state, in the sense that it is unstable in the presence
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Figure 2: (a) The Dirac semimetal state has four real Dirac
points (red dots) in the BZ. (b) Bulk band structure for the
real Dirac semimetal state. (c) Surface states on the (101¯0)
(side) surface, showing the surface helical Fermi arcs connect-
ing pairs of the projected Dirac points (white dots). (d) By
adding PT -invariant terms in (15), each Dirac point evolves
into a real nodal loop. In (b) and (c), we take t1 = 1,
t2 = 0.08, J = 0.3, and δJ = 0.18.
of other PT -invariant perturbative terms. However, due
to the nontrivial 2D Stiefel-Whitney number ν2D (to be
discussed later), the spectrum cannot be fully gapped.
Instead, the most generic PT -protected phase for the sys-
tem is a nodal-line semimetal, where each Dirac point is
transformed into a nodal loop, protected by a twofold
topological charge (ν1D, ν2D).
For example, consider adding to model (12) the follow-
ing PT -invariant perturbations
∆H = m1Γ301 +m2Γ302. (15)
Since this term commutes with the first two terms and
anti-commutes with the last three, it turns each Dirac
point into a nodal loop normal to the kz direction, as
illustrated in Fig. 2(d).
We stress that the fundamental symmetry for the con-
sidered system is the combined symmetry PT , whereas
the individual P and T are not required. Indeed, the
terms in (15) represent certain antiferromagnetic orders,
which explicitly break P and T .
Stiefel-Whitney numbers and boundary criticality. As
we know, Dirac points and nodal loops are no strangers in
systems with SOC. However, what is unique here is that
they are characterized by topologies for a real (rather
than complex) band structures. For example, each Dirac
point in Fig. 2(a) represents a real Dirac points [18]. It
corresponds to a unit monopole for the real Berry bun-
dle with structure group O(N), and carries a topological
charge given by 2D Stiefel-Whitney number ν2D, which is
absent for conventional Dirac points in spin-orbit-coupled
systems [6]. Similarly, the loops in Fig. 2(d) are real
nodal loops, each featuring a unique twofold topological
charge (ν1D, ν2D). Here, ν1D corresponds to the Berry
phase of the valence bands on a path encircling the nodal
loop, and ν2D can be calculated as a real-band general-
ization of the Chern number [18, 21]. All these are made
possible by the modified fundamental algebra (PT )2 = 1,
due to the projective representation.
To explicitly demonstrate these topological characters,
let’s first obtain a low-energy effective model for the crit-
ical Dirac semimetal state. As shown in Fig. 2(b), the
effective model for each Dirac point should capture the
four low-energy bands which are degenerate at the point.
For example, the two Dirac points on K-H each is de-
scribed by
HD = v(qxγ1 + qyγ2) + vzqzγ3, (16)
where q is measured from the Dirac point, v and vz are
the Fermi velocities, and γi are the 4×4 Hermitian Dirac
matrices representing the four-band basis, with γ1 = σ0⊗
σ1, γ2 = σ3 ⊗ σ2, γ3 = σ0 ⊗ σ3, γ4 = σ1 ⊗ σ2, and γ5 =
σ2 ⊗ σ2, satisfying {γi, γj} = 2δij . The other two points
on K ′-H ′ are each described by H∗D. Since (PT )2 = 1,
the model (16) can always be made purely real via a
unitary transformation (here by U = eγ2γ5pi/4), and the
point is a real Dirac point characterized by a nontrivial
Stiefel-Whitney number [18]
ν2D =
1
4pi
∫
S2
Tr(gFR) mod 2, (17)
where FR = dA + A∧A is the real Berry curvature,
Aαβ = 〈α,k|d|β,k〉 is the real Berry connection, with
|α,k〉 and |β,k〉 the real eigenstates of the two valence
bands which correspond to the group SO(2), g = −iσ2
is the SO(2) generator, and the integral is over a sphere
S2 enclosing the Dirac point.
When the critical Dirac state is driven into the nodal-
line semimetal phase, e.g., by (15), since PT is preserved,
each nodal loop in Fig. 2(d) inherits the same ν2D. In
the effective model, ∆H takes the form of iγ3γ4m1 +
iγ3γ5m2. One can directly verify that ν2D is maintained.
In addition, each nodal loop is also stabilized by the pi
Berry phase ν1D for any closed path encircling the loop.
The discussion confirms that both the Dirac points and
the nodal loops appearing in this SOC system are in fact
real topological objects characterized by Stiefel-Whitney
classes.
One unique feature of real topological phases is that
the bulk invariant ν2D does not give a bulk-boundary
correspondence in the usual sense, instead, it determines
a boundary criticality [26]. For our current system, it
means that ν2D cannot uniquely determine the form or
location of the boundary modes. For example, the criti-
cal Dirac semimetal state in (12) possesses surface Fermi
arcs (see Fig. 2(c)), but they can be completely gapped by
the PT -invariant terms such as (15), and as a result, the
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Figure 3: Energy spectra of a sample with a tube-like
geometry extended along the z direction and a diamond-
shaped cross section (as shown in the insets). (a) The Dirac
semimetal state has surface zero-modes (from the surface
Fermi arcs). The small energy gap is from finite-size effects.
(b) The nodal-line semimetal has all surfaces gapped out. The
zero-modes are located at two hinges, manifesting a second-
order topology. The parameters here are the same as in Fig. 2,
and in (b), m1 = 0.24, m2 = 0.18.
system can acquire a second-order topology with topolog-
ical hinge zero-modes, if the sample preserves PT . This
is confirmed by our explicit calculation on a tube-like
sample geometry. In Fig. 3(a), one observes that in the
critical Dirac state, there exist zero-modes on all surfaces
(from the surface Fermi arcs), but when driven into the
nodal-line phase [Fig. 3(b)] [50], the surfaces are gapped
and zero-modes only appear on two PT -connected hinges
of the sample. In the whole process, the bulk invariant
ν2D remains the same.
Discussion. This work demonstrates an unprecedented
possibility via projective representations to achieve PT -
invariant real topological phases, previously unique for
spinless systems, in a spinful system. With projective
representations, we effectively transform spinful particles
into spinless ones, in terms of their fundamental sym-
metry algebra. Here, we focused on the PT symmetry.
Clearly, the study can be extended to other symmetries
and symmetry-protected topologies, which will open a
new research field.
Equation (4) shows that one may also work in the re-
versed direction, i.e., to make a spinless system behave
as spinful ones. For example, the Kramers degeneracy
from (PT )2 = −1 for spinful fermions can be realized in
spinless systems as well.
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